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Abstract

This paper shows that in a space filled with assemblies of cylinders cooled by natural convection the heat transfer
density can be increased progressively by the use of cylinders of several sizes, and the optimal placement of each cylinder
in the assembly. Smaller cylinders are placed closer to the entrance to the assembly, in the wedge-shaped flow regions
occupied by fluid that has not yet been used for heat transfer. The paper reports the optimized flow architectures and
performance for structures with one and two cylinder sizes, which correspond to structures with one and two degrees of
freedom. The heat transfer rate density increases as the optimized structure becomes more complex. The optimized
cylinder diameters are relatively robust, i.e., insensitive to changes in complexity and flow regime (Rayleigh number).
The optimized spacings decrease monotonically as the Rayleigh number increases. The structure performance can be
improved by endowing the cylinder assemblies with more degrees of freedom.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

The need to extract more and more heat from a given
space has led to unconventional ways of designing struc-
tures for heat and fluid flow that maximize the rate of
heat transfer from a given space. This has also been
the driving force behind many of the miniaturization
efforts and augmentation of heat transfer devices. The
same trend is driven by the need to install more and
more heat generating components into a given space.
This activity has been described recently as a principle-
based constructal process [1] of generating flow architec-
0017-9310/$ - see front matter � 2005 Elsevier Ltd. All rights reserv
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ture in the pursuit of global objective, subject to global
constraints. The flow configuration is the unknown.

The strategy is to endow the flow configuration with
the freedom to change, and to search systematically for
paths that lead to optimal or near-optimal flow configu-
rations. Strategy and systematic search mean that archi-
tectural features that have been found beneficial in the
past can be incorporated and compounded into more
complex flow structures of the present. Strategy is
important not only for accelerating the search in a de-
sign space that is infinite, but also for identifying the
near-optimal designs that perform at nearly the same
level as the absolute best. The increasing availability of
inexpensive and reliable numerical packages means that
complex optimization of convective flows (free and
forced convection) which are often more difficult to pro-
gram has now become more common.
ed.
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Nomenclature

D0 diameter
k thermal conductivity (W/mK)
Hd downstream flow length (m)
Hu upstream flow length (m)
P pressure (Pa)
Pr Prandtl number
q total heat transfer (W)
~q dimensionless heat transfer density, Eq. (12)
q00 heat transfer rate per unit length (W/m)
q000 heat transfer rate density (W/m3)
Ra Rayleigh number, Eq. (7)
S0 spacing between D0 cylinders
T temperature (K)
Tw wall temperature (K)
T0 inlet temperature (K)
u, v velocity components (m/s)
x, y Cartesian coordinates (m)

Greek symbols

a thermal diffusivity (m2/s)
l viscosity (kg/sm)
m kinematic viscosity (m2/s)
q density (kg/m3)

Subscripts

m maximized once
2m maximized twice
opt optimum
w wall

Superscript

(�) dimensionless variables, Eqs. (5) and (6)
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One class of heat and fluid flow structures that have
been optimized in this spirit are the configurations in
which optimal spacings exist: stacks of parallel plates,
staggered plates, cylinders in cross-flow, and pin fin ar-
rays with impinging flow. Optimal spacings have been
determined for natural convection, and for forced con-
vection with specified overall pressure difference. This
work has been reviewed in Refs. [1–3], and is not re-
viewed again here. It has one important characteristic
that links all the optimized configurations: the optimized
spacing is a single length scale that is distributed uni-

formly throughout the given volume.
In this paper, we propose to go beyond the single-

spacing philosophy, and to explore the idea of optimiz-
ing flow structures with more than one free length scale.
This direction of thought has a lot in common with the
most recent work on tree-shaped flow structures [1–14]
where the length scales are numerous, hierarchically or-
ganized and nonuniformly distributed through the avail-
able space. In the present paper, the multiple length
scales are the diameters and spacings between cylinders
cooled by natural convection. The largest cylinder dia-
meter defines the overall extent of the flow space. The
nonuniform distribution of these length scales means
that progressively smaller cylinders are placed near the
entrance to the assembly, i.e., in flow regions inhabited
by fluid that has not participated in the global heat
transfer enterprise.
2. Model

Consider the row of parallel cylinders shown in
Fig. 1. The length of the assembly L and the cylinder
diameter D0 are fixed. The first objective is to select
the number of cylinders in the bundle, or the cylinder-
to-cylinder spacing, S0, such that the overall thermal
conductance between the cylinder and the ambient air
is maximal. The flow is assumed steady, laminar, incom-
pressible and two dimensional. All the thermophysical
properties are assumed constant. The temperature vari-
ations are sufficiently small relative to the absolute tem-
perature so that Boussinesq approximation is valid.

The lower part of Fig. 1 shows the elemental volume
that characterizes this assembly. Symmetry allows us to
study only half of the channel formed between two cylin-
ders. The computational domain contains the flow region
of length D0, plus an upstream section Hu � 1

2
ðD0 þ S0Þ,

and a downstream section Hd � 1
2
ðD0 þ S0Þ. The lengths

Hu and Hd were selected based on accuracy tests de-
scribed later in this section.

The conservation equations for mass, momentum
and energy are
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where $2 = o2/ox2 + o2/oy2. The system of coordinates
(x,y) and the velocity components (u,v) are defined in



Fig. 1. Single row of cylinders in natural convections, and the
computational domain.
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Fig. 1. The variables are defined in Nomenclature. The
numerical work of solving Eqs. (1)–(4) is based on a
dimensionless formulation using the variables

ð~x; ~yÞ ¼ ðx; yÞ
D0

; ð~u;~vÞ ¼ ðu; vÞ
al=ðRaD0

PrÞ1=2
ð5Þ

~T ¼ T � T1

T w � T1
; ~P ¼ PD2

0

la=ðRaD0
PrÞ1=2

ð6Þ
where Ra is the Rayleigh number,

Ra ¼ gbL3ðT w � T1Þ
am

ð7Þ

The Prandtl number is Pr = m/a. The dimensionless
version of Eqs. (1)–(4) is
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The flow boundary conditions are indicated in
Fig. 1b: no slip and no penetration on the plate surfaces;
~P ¼ 0; ~u ¼ o~v=o~y ¼ 0 at the inlet of the computational
plane; ~P ¼ 0 and oð~u;~vÞ=o~y ¼ 0 at the exit of the compu-
tational domain; and free slip and no penetration
(~u ¼ o~v=o~y ¼ 0) at the upstream section of the computa-
tional domain (0 6 ~y 6 Hu). For the downstream sec-
tion (Hu þ ~D0 6 ~y 6 Hu þ ~D0 þ Hd) we specified two
flow boundary conditions: free slip and no penetration
(~u ¼ o~v=o~x ¼ 0) on the left side of the downstream sec-
tion of the computational domain, and zero stress
[oð~u;~vÞ=o~x ¼ 0] on the right side of the downstream sec-
tion of the domain. By specifying o~u=o~x ¼ 0 on this side
we allow fluid to flow horizontally into the computa-
tional domain. This entrainment effect nullifies the unre-
alistic vertical acceleration (chimney effect) that would
have been generated had we imposed no-slip on that
side. The thermal boundary conditions are ~T ¼ 1 on
the plate surfaces, and ~T ¼ 0 on the inlet plane of the
computational domain. The remaining portions of the
computational domain were modeled as adiabatic.

The spacing between cylinders varies. We are inter-
ested in the geometric arrangement that maximizes the
overall heat transfer between the cylinder and the sur-
rounding fluids. The dimensionless quantity that is used
to determine this arrangement is the dimensionless heat
transfer rate density. The heat transfer density rate is
q000 = q 0/[D0(D0 + S0)], where q

0 is the total heat transfer
rate integrated over the surface of one cylinder. The cor-
responding q000 in the dimensionless form is

~q ¼ q0

D0ðD0 þ S0ÞkðT w � T 0Þ
ð12Þ
3. Numerical method

Eqs. (8)–(10) were solved using a finite element code
with four-node quadrilateral elements and linear inter-
polation functions [16]. The explicit appearance of the



Table 1
Grid refinement tests for calculation of ~q when ~S0 ¼ 0.3,
Ra = 103, Pr = 0.72

Number of nodes
per D0 in the ~x and ~y directions

~q ~qi � ~qiþ1

~qi

����
����

10 5.9035 –
20 5.9163 0.0021
40 5.9266 0.0017
80 5.9319 0.00087

Fig. 2. The maximization of heat transfer density in the
assembly of Fig. 1.

Fig. 3. The optimal spacing and maximal heat transfer density
for the row of cylinders shown in Fig. 1.
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pressure in the momentum equation was eliminated by
using the penalty function method. In all the simulations
the compressibility parameter was fixed at 10�8. For
more details see Ref. [17]. The nonlinear equations
resulting from the Galerkin finite-element discretization
of Eqs. (8)–(10) were solved using successive substitution
followed by a quasi-Newton method. The convergence
criteria were

kuðkÞ � uðk�1Þk
kukk 6 10�3 and

kRðuðkÞÞk
kR0k

6 10�3 ð13Þ

in which R(u) is the residual vector, u is the complete
solution vector, k is the iteration counter, and k Æk is
the Euclidian norm. The grid was non-uniform in both
~x and ~y directions. The grid was double graded in the
~x direction so as to put more nodes near the cylinder sur-
faces to capture more accurately the behavior in the
boundary layers. The grid varied from one geometric
configuration to another. Grid refinement tests per-
formed in range (103 6 Ra 6 105, Pr = 0.72) indicated
that the solutions were insensitive to further grid dou-
bling in ~x and ~y when 40 nodes per D0 were used in both
~x and ~y directions. Table 1 shows how grid independence
was achieved. Another set of accuracy tests showed that
when Hu/D0 = 1.0 and Hd/D0 = 1.5, the channel heat
transfer rate varied less than 1% after the doubling of
the upstream and downstream lengths. Based on these
tests, the numerical results discussed in this paper we ob-
tained with grids of 40 nodes per D0, and with ~Hu ¼ 1.0
and ~Hd ¼ 1.5.
4. Numerical results and scale analysis

The flow and temperature fields were simulated in a
large number of configurations, in order to determine
the effect of spacing on heat transfer density. Fig. 2
shows that the heat transfer density is maximal when
S0 has a certain value. The optimal spacings determined
in this manner are summarized in Fig. 3, which shows
that for Pr = 0.72 they are correlated within 0.002%
by the power law

Sopt

D0

¼ 1.32Ra�0.22 ð14Þ
The corresponding heat transfer density maxima are
reported in Fig. 3. They are correlated within 0.003% by
the expression

~qm ¼ 0.65Ra0.30 ð15Þ

These results are in agreement with the constructal
method (Ref. [1], Chapter 3), according to which maxi-
mal heat transfer density means �optimal packing� such
that flow regions that do not contribute to global perfor-
mance are eliminated. This means that optimal packing
in Fig. 1 is achieved when the cylinders are brought close
enough so that their thermal boundary layers just touch.
According to scale analysis the thermal boundary layer
of a cylinder with laminar natural convection flow and
Pr > 1 [15] has a thickness of order



Fig. 5. The maximization of heat transfer density in the
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dT � D0Ra�1=4 ð16Þ

By setting dT � S0 in Eq. (16), we find that

~S0 � Ra�1=4 ð17Þ

which anticipates very well the numerical correlation
(14).

The heat transfer rate density (15) can be anticipated
based on the same scaling argument. The cylinder heat
flux scale is q00 � k(Tw�T0)/dT, where dT � S0 � D0

~S0.
Because S0 < D0, cf. Eq. (16) for Ra � 1, the heat trans-
fer rate density is q000 � q00/D0, such that the dimension-
less heat transfer rate density becomes,

~q � q000D2
0

kðT w � T 0Þ
� Ra1=4 ð18Þ

This formula anticipates very well the numerical cor-
relation, Eq. (15).
assembly of Fig. 4.
5. Increasing complexity

In the second phase of this study, we considered the
more complex structure shown in Fig. 4. Cylinders of
smaller diameter (D1) were inserted in the entrance (con-
verging) regions of the channels formed between the
original cylinders. This structural change brings one
more degree of freedom: the small-cylinder diameter
~D1 ¼ D0=D1. The flow configuration has two degrees
of freedom, which are represented by ~D1 and the original
spacing ~S0.

The numerical procedure for flow simulation and
geometry optimization was the same as the procedure
tested in Section 2. As shown in the example of Fig. 5,
Fig. 4. Row of cylinders with two sizes (two degrees of
freedom).
the Ra number was fixed, and many configurations
(~D1; ~S0 were simulated in the search for the configuration
with the highest heat transfer density ~q. This procedure
was then repeated over the range 103 6 Ra 6 105 and
Pr = 0.72.

The results are condensed in Fig. 6, which shows how
the optimized configuration and the maximized perfor-
mance vary with the Rayleigh number. The optimal
small diameter is independent of Ra: the optimal ratio
D1/D0 is practically constant and equal to 0.20. The
optimal spacing decreases as Ra increases. This behavior
is consistent with what we saw in Fig. 3, however the
~S0;opt values of Fig. 6 are consistently larger than the
optimal spacings reported in Fig. 3. The optimal spacing
is larger when a smaller cylinder is placed in the mouth
of the channel. The data of Figs. 3 and 6 show that the
Fig. 6. The optimal spacing, optimal diameter ratio ~D1 and
maximal heat transfer density for the assembly shown in Fig. 4.



Fig. 7. The effect of the increasing complexity on the maximum
heat transfer rate density.

Fig. 8. The effect of increasing complexity and Rayleigh
number (Ra) on the optimized multi-scale structure: (a)
Ra = 103; and (b) Ra = 105.
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ratio of the optimized spacings is practically indepen-
dent of Ra,

~S0;optðFig.6Þ
~S0;optðFig.3Þ

ffi 1.68 ð19Þ

The maximized heat transfer density shown in Fig. 6
increases with Ra. This trend is qualitatively in agree-
ment with the results obtained for single-scale structures
(Fig. 3). The subscript 2m is a reminder that ~q was max-
imized with respect to two geometric parameters, ~S0 and
~D1. In place of Eq. (15), the ~q2m data of Fig. 6 are corre-
lated within 0.06% by the power law ~q2m ¼ 0.85Ra0.3. It
can be verified that ~q2mðFig.6Þ > ~qmðFig.3Þ, which
means that the use of two scales (D0, D1) brings about
an increase in heat transfer rate density. This finding is
summarized in Fig. 7, which shows that the maximized
heat transfer rate density increases as the number of geo-
metric degrees of freedom increases or as one additional
cylinder is inserted between the flow structure surround-
ing the larger cylinder.
6. Conclusions

In this paper we illustrated a new approach to the con-
ceptual design of convective structures withmaximal heat
transfer density: the use of multiple length scales that are
distributed nonuniformly through the available volume.
For illustration, we used parallel cylinders in natural con-
vection. We installed new cylinders with progressively
smaller diameters in the entrance wedges between older
cylinders, where the flow regions were inhabited by fluid
that had not been used for heat transfer.

Two classes of configurations were optimized and re-
ported: cylinders with one and two sizes, which resided
in flow structures with one and two degrees of freedom.
The maximized heat transfer density increases from one
class to the next. The optimized cylinder diameters are
robust, i.e., relatively insensitive to changes in the num-
ber of scales and the flow regime (Ra).

In Fig. 8a and b, we drew to scale the optimized flow
architectures with one and two freely varying length
scales, cf. Figs. 1 and 4 respectively. Fig. 8 shows how
the spacing between older cylinders increases when
new cylinders are placed in the existing gaps. Read from
Fig. 8a and b, the montage shows that when the flow
becomes faster the spacings become noticeably smaller,
while the cylinder diameters do not change much.

This last observation is relevant not only in heat ex-
changer design but also in animal design. A morphing
multi-scale structure is robust when it can perform opti-
mally under different flow conditions (slow, fast) by
using the same solid parts. It is a lot easier for the struc-
ture to adapt itself by optimizing its fluid spacings, as
opposed to redesigning its solid components. One exam-
ple from the animal realm is the multi-channel organiza-
tion of a swarm of bees [18]. The solid components (the
bees) are permanent features, while the airways change
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with the inlet temperature of the ambient air that cools
the swarm (see also Ref. [1], pp. 44–45).
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